Abstract. The concept of F -algebra and its representation can be extended to an arbitrary bundle. We define operations of fibered F -algebra in fiber. The paper presents the representation theory of of fibered F -algebra as well as a comparison of representation of F -algebra and of representation of fibered F -algebra.
Theory of representation of algebra has long and extensive history. During XX century representation theory became an integral part of different applications. Transition from algebra to algebra bundle opens new opportunities. I have ventured to write this paper where I want to discover new properties of algebra bundle.
Since a cut of the bundle may be not defined on the whole bundle, all statements assume a specific domain. Such statements are modelled on statement about existance of trivial tangent bundle on manifold.
However there exists other group of statements restricting the domain of fibered F -algebra. I give appropriate examples in the text. The explanation follows.
We suppose that transormation of fiber caused by parallel transfer is one-to-one map. Continuously moving along base, we continuously move from one fiber to other. Assumption that map between fibers is homeomorphism waranties continuous deformation of fiber.
If we choose the point in fiber, then the trajectory of its movement when its projection moves along base is parallel to base. In differential geometry such lines are called horisontal. We also will use this definition.
Since we assume that there is structure of F -algebra on fiber, then we expect that corresponding map is isomorphism of F -algebra. Continuity allows to save considered structures when we use parallel transfer, it allows to make smooth transfer from fiber to fiber.
This picture works well in the small. When we consider finite intervals on base, continuity becomes responsible for impossibility to extend the structure of F -algebra as far as we please. For instance, there may apear points where homeomorphism is broken. It happens when horizontal lines have intersection or topological propertyes of fiber change. Corresponding fiber is called degenerate, and its projection is called point of degeneracy.
It is not easy to say how many points of degeneracy there are. It is clear by intuition that this set is small in comparison with the base. However, this set may prove to be essential for the study of geometry of bundles or physical processes associated with this bundle.
The problem to extend the solution of differential equation is one of such events in the theory of differential equations. At the same time, there exist two types of solution of differential equation. Regular solution belongs to family of functions dependent on arbitrary constants. Singular solution is envelope of family of regular solutions.
The problem of describing fibers of bundle, regardless whether they are degenerate or not, has an interesting solution. Any path on the base of bundle is map of interval I = [0, 1] into base of bundle. Let us assume that fibers of bundle are not homeomorphic, but homotopic.
The holonomy group of bundle also has constrains for structure of fibered Falgebra A = p [A] . It is natural to assume that using parallel transfer we have homomorphism of F -algebra from one fiber into another. Therefore, we assume that transformation caused by parallel transfer along loop is homomorfism of Falgebra. Thus, everything is fine when the holonomy group of bundle A is subgroup of group of homomorphisms of F -algebra A. In this case fibered F -algebra A is called holonomic. Otherwise fibered F -algebra A is called anholonomic.
From theory of vector bundles we know that there exist fibered F -algebra which is not holonomic. At the same time, the theory of vector bundles has answer how we can work with anholonomic fibered F -algebra.
We apply this remark also to the theory of representations of fibered F -algebra.
A new design is illustrated through the use of corresponding diagrams.
Where it is possible I use the same notation for operations and relations as we use them in the set theory. It does not bring to ambiguity because we use different notation for set and bundle. I use the same letter in different alphabets to denote bundle and fiber.
We assume that projection of bundle, section and fibered map are smooth maps.
Bundle
Let M be a manifold and 
Thus, we can represent the morphism of mapping spaces using diagram
This is why for set of sections we can use definitions established for mapping set. This is why for set of sections we can use methods defined for mapping space. We define sets W K,U by law
where K is compact subset of space M , U is open subset of space E. Let f be a fibered map from
The map F is the base of map f . The map f is the lift of map F .
Suppose map F is bijection. Then the map f defines morphism f
It is enough to prove continuity of F −1 to prove continuity of u ′ . However this is evident, because F is continuous bijection. Since F = id, then id −1 = id. In this case we use notation f id for morphism of spaces of sections. It is evident, that
x x r r r r r r r r r r r A 1 ... A n According to [1] we can represent the map
x x r r r r r r r r r r r
.., n be the set of bundles. For any i let {U iαi } be a cover of M i such that for any U iαi there exists a local chart ϕ iαi of the bundle
.., α n ) we introduce trivial bundle
with E α consisting of tuples (x 1 , ..., x n , a 1 , ..., a n ). Cartesian product n i=1 E i is a fiber of this bundle. Cartesian product n i=1 U iαi is a base of this bundle. Continuity of projection of this bundle follows from Corollary 1 of Proposition 1 ( [8] , page 44).
To define a bundle over manifold n i=1 M i , we need to define gluing functions. Let ψ iαiβi be gluing functions of bundle
Then we define gluing function using diagram
We also speak that the total space E is Cartesian product of total spaces E i and use notation
Remark 2.3. According to remark 2.1 we can represent a section of Cartesian product of bundles
as tuple of sections a = (a 1 , ..., a n ).
We will use following diagrams to represent Cartesian product of bundles
set U as U = ∪ i∈I U i , where U i belong to the base of topology of space M , if U is open set of space M . Accordingly, the set
can be represented as
and it is an open set. Therefore, projection p α is continuous mapping. To define a bundle over manifold M , we need to define gluing functions. Let ψ iαiβi be gluing functions of bundle
We also speak that the total space E is reduced Cartesian product of total spaces E i and use notation
Remark 3.2. According to remark 2.1 we can represent a section of reduced Cartesian product of bundles
We will use following diagrams to represent reduced Cartesian product of bundles
On the diagram, the arrows connected by symbol ⊙ denote the arrow corresponding to projection of bundle E. The notation is intended to show the structure of map.
In reduced Cartesian product we define product of fibers over selected point. This makes the structure of product more rich. 6
Definition 3.3. For n ≥ 0 we define Cartesian power of bundle
n is arity of operation. 0-arity operation is a section of E.
We can represent the operation using the diagram 
.., p n ∈ W n , and for any
Proof. According to [8] , page 44, since V belongs to the base of topology of space U and W belongs to the base of topology of space E, then set V × W belongs the base of topology of space E. Similarly, since V belongs to the base of topology of space U and W 1 , ..., W n belong to the base of topology of space E, set V × W 1 × ... × W n belongs the base of topology of space E n . Since mapping ω is continuous, then for an open set
According to this there exist sets R, R ′ from base of topology of space U , and sets T 1 , ...,
2 Since I use definition of Cartesian power of bundle only in frame of reduced Cartesian product, I do noot use respective adjective for power. I use this remark for all following definitions related to Cartesian power of bundle.
Theorem 4.2 tells about continuity of operation ω, however this theorem tells nothing regarding sets W 1 , ..., W n . In particular, it is possible that these sets are not connected.
We suppose W = {p}, W 1 = {p 1 }, ..., W n = {p n }, if topology on fiber A is discrete. This leads one to assume that in the neighborhood V the operation does not depend on a fiber. We call the operation ω locally constant. However, it is possible that a condition of constancy is broken on bundle in general. Thus the covering space R → S 1 of the circle S 1 defined by p(t) = (sin t, cos t) for any t ∈ R is bundle over circle with fiber of group of integers.
Let us consider the alternative point of view on the continuity of operation ω to get a better understanding of role of continuity Let us consider the continuity of operation ω to better see what does it mean. We need to consider sections, if we want to show that infinitesimal change of operand when moving along base causes infinitesimal change of operation. This change is legal, because we defined operation on bundle in fiber.
Theorem 4.3. An n-ary operation on bundle maps sections into section.
Proof. Suppose f 1 , ..., f n are sections and we define map
Let x ∈ M and u = f (x). Let U be a neighborhood of the point u in the range of the map f . Since ω is smooth map, then according to [8] , page 44, for any i, 1 ≤ i ≤ n the set U i is defined in the range of section f i such, that
Thus the map f is smooth and f is the section.
We can represent the operation using the diagram
Proof. Let us consider a set W K,U , where K is compact set of space M , U is open set of space E. We can represent set U as V × E, where V is open set of space M ,
.., a n ) then operation ω is defined on bundle
We say that p[A] is a fibered F -algebra.
Depending on the structure we talk for instance about fibered group, fibered ring, or vector bundle.
Main properties of F -algebra hold for fibered F -algebra as well. Proving appropriate theorems we can refer on this statement. However in certain cases the proof itself may be of deep interest, allowing a better view of the structure of the fibered F -algebra. However properties of F -algebra on the set of sections are different from properties of F -algebra in fiber. For instance, if the product in fiber has inverse element, it does not mean that the product of sections has inverse element. Therefore, fibered continuous field generates ring on the set of sections. This is the advantage when we consider fibered algebra. I want also to stress that the operation on bundle is not defined for elements from different fibers.
Let transition functions g ǫδ determine bundle B over base N . Let us consider maps V ǫ ∈ N and V δ ∈ N , V ǫ ∩ V δ = ∅. Point q ∈ B has representation (y, q ǫ ) in map V ǫ and representation (y, q δ ) in map V δ . Therefore,
When we move from map U α to map U β and from map V ǫ to map V δ , representation of correspondence changes according to the law
This is consistent with the transformation when we move from map 
Let ω be n-ary operation and points e 1 , ..., e n belong to fiber A x , x ∈ U 1 ∩ U 2 . Suppose (4.5) e = ω(e 1 , ..., e n )
We represent point e ∈ p[A]| Uα as (x, e α ) and point e i p[A]| Uα as (x, e iα ). We represent point e ∈ p[A]| U β as (x, e β ) and point e i ∈ p[A]| U β as (x, e iβ ). According to (4.4) (4.6)
According to (4.5), the operation in the bundle A x over neihgborhood U β is (4.8) e β = ω(e 1β , ..., e nβ )
Substituting (4.6), (4.7) into (4.8) we get
This proves that f βα is homomorphism of F -algebra.
The homomorphism of fibered F -algebra is essential part of this definition. We can break continuity, if we just limit ourselves to the fact of the existence of Fsubalgebra in each fiber.
We defined an operation based reduced Cartesian product of bundles. Suppose we defined an operation based Cartesian product of bundles. Then the operation is defined for any elements of the bundle. However, since p(a i ) = p(b i ), i = 1, ..., n, then p (ω(a 1 , . .., a n )) = p (ω(b 1 , ..., b n ) ). Therefore, the operation is defined between fibers. We can map this operation to base using projection. This structure is not different from quotient F -algebra and does not create new element in bundle theory. The same time mapping between different maps of bundle and opportunity to define an operation over sections create problems for this structure.
Representation of Fibered
Proof. According to [8] , page 44, sets V × W , where V forms base of topology of space U and W forms base of topology of space E, form base of topology of space E.
Since map t is continuous, then for open set
′ . This is the statement of theorem. Proof. We define the image of section s over transformation t using commutative diagram
Definition 5.7. Suppose we defined the structure of fibered F -algebra on the set
.
We extend to bundle representation theory convention described in remark [3]-2.2.14. We can write duality principle in the following form Remark 5.11. Suppose the T ⋆-representation of fibered F -algebra is effective. Then we identify an element of fibered F -algebra and its image and write T ⋆-transformation caused by element a ∈ A as
Suppose the ⋆T -representation of F -algebra is effective. Then we identify an element of fibered F -algebra and its image and write ⋆T -transformation caused by element a ∈ A as v ′ = va Definition 5.12. We call a T ⋆-representation of fibered F -algebra transitive if for any a, b ∈ V exists such g that
We call a T ⋆-representation of fibered F -algebra single transitive if it is transitive and effective.
Theorem 5.13. T ⋆-representation is single transitive if and only if for any a, b ∈ M exists one and only one g ∈ A such that a = f (g)b
Proof. Colorary of definitions 5.10 and 5.12.
Representation of fibered group
Definition 6.1.
is called homomorphism of fibered groups if respective fiber map
is homomorphism of groups.
is called antihomomorphism of fibered groups if respective fiber map
is antihomomorphism of groups.
Definition 6.3. Let p[G] be fibered group. We call map 
Proof. Since (6.2) and (6.3), we have
This completes the proof.
Theorem 6.6. Let ⋆ p[A] be a fibered group with respect to multiplication
and e be unit of group
. Let map (6.1) be a homomorphism of fibered group
Then this map is representation of fibered group p[G] which we call covariant T ⋆-representation of fibered group.
Proof. Since f is homomorphism of fibered group, we have f (ǫ) = e. Since (6.8) and (6.9), we have
According definition 6.3 f is representation of fibered group.
We use following diagram to represent covariant T ⋆-representation of fibered group on the bundle
x xE
be a fibered group with respect to multiplication (6.10) (t 2 t 1 )µ = t 1 (t 2 µ) and e be unit of fibered group
. Let map (6.1) be an antihomomorphism of fibered group
Then this map is representation of fibered group p[G] which we call contravariant T ⋆-representation of fibered group.
Proof. Since f is antihomomorphism of fibered group, we have f (ǫ) = e. Since (6.10) and (6.11), we have
Example 6.8. The group composition on fibered group determines two different presentations on the fibered group: the T ⋆-shift on the fibered group which we introduce by the equation
and the ⋆T -shift on fibered group which we introduce by the equation
Example 6.9. Let p[GL] be bundle over set of real numbers. Given the matrix A, we can define section a(t) = exp(tA), and this section will cause respective T ⋆-shift. 
Theorem 6.11. Suppose
Proof. From (6.14) it follows that there exists µ ∈ Γ(p[G]) such that
If we substitude (6.15) into (6.16) we get
Since (6.2) we see that from (6.17) it follows that δ ∈ O(u,
Since (6.7), we see that from (6.15) it follows that
Let us define the representation of group G on the bundle
Since we call the representation transitive, then orbit of a point is the manifold E.
In the case of representation of fibered group p[G] the orbit of a point is the fiber the point belongs to. 
Proof. To show that f is representation it is enough to prove that f satisfy to definition 6.3. f (e) = (f 1 (e), f 2 (e)) = (e 1 , e 2 ) = e
7. Single Transitive Representation Definition 7.1. We call kernel of inefficiency of representation of fibered Proof. The proof does not depend on whether we use covariant representation or contravariant representation. Assume f is covariant representation and f (a 1 ) = δ and f (a 2 ) = δ. Then 
a contravariant single transitive representation Thus the map x → g x is the section of the fibered group p [G] .
The same way we prove the statement for a covariant single transitive representation.
To prove the first statement, we need to select the map on the manifold M , where both bundles are trivial. Remark 7.6. We will write effective T ⋆-covariant representation of the fibered group
Orbit of this representation is
Remark 7.7. We will write effective ⋆T -covariant representation of the fibered group
Orbit of this representation is 
Proof. Let f be a single transitive covariant T ⋆-representation. In each fiber A x the representation f defines a single transitive covariant T ⋆-representation f x of group G. According to theorem [3]-3.4.10 in fiber A x we uniquely define a single transitive covariant ⋆T -representation h x comutable with representation f x . For a section a ∈ Γ(p[G]) we define the section
Map h is homomorphism of fibered group.
We call representations f and h twin representations of the fibered group p[G]. 
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